Quantum mechanics is already 100 years old, but remains alive and full of challenging open problems. On one hand, the problems encountered at the frontiers of modern theoretical physics like Quantum Gravity, String Theories, etc. concern Quantum Theory, and are at the same time related to open problems of modern mathematics. But even within non-relativistic quantum mechanics itself there are fundamental unresolved problems that can be formulated in elementary terms. These problems are also related to challenging open questions of modern mathematics; linear algebra and functional analysis in particular. Two of these problems will be discussed in this article: a) the separability problem, i.e. the question when the state of a composite quantum system does not contain any quantum correlations or entanglement and b) the distillability problem, i.e. the question when the state of a composite quantum system can be transformed to an entangled pure state using local operations (local refers here to component subsystems of a given system).
Quantum mechanics is already 100 years old, but remains alive and full of challenging open problems. On one hand, the problems encountered at the frontiers of modern theoretical physics like Quantum Gravity, String Theories, etc. concern Quantum Theory, and are at the same time related to open problems of modern mathematics. But even within non-relativistic quantum mechanics itself there are fundamental unresolved problems that can be formulated in elementary terms. These problems are also related to challenging open questions of modern mathematics; linear algebra and functional analysis in particular. Two of these problems will be discussed in this article: a) the separability problem, i.e. the question when the state of a composite quantum system does not contain any quantum correlations or entanglement and b) the distillability problem, i.e. the question when the state of a composite quantum system can be transformed to an entangled pure state using local operations (local refers here to component subsystems of a given system).
Although many results concerning the above mentioned problems have been obtained (in particular in the last few years in the framework of Quantum Information Theory), both problems remain until now essentially open. We will present a primer on the current state of knowledge concerning these problems, and discuss the relation of these problems to one of the most challenging questions of linear algebra: the classification and characterization of positive operator maps.
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I. INTRODUCTION
Quantum Mechanics celebrates in this year its first century of life. In October 1900, Max Planck presented to the "Deutsche Physikalische Gesellschaft" his seminal papers: "Über eine Verbesserung der Wienschen Spektralgleichung" and "Zur Theorie des Gesetzes der Energieverteilung im Normalspektrum" [1] .
While there are no doubts about the success of Quantum Mechanics in explaining -beautifully -many of the problems concerning a variety of physical topics, it is worth stressing that Quantum Theory is by no means passée. It is nowadays still an open theory with several challenges which compel both Physics and Mathematics. Just a few years ago, it was common belief that the"really big" unsolved problems of theoretical physics pertained only to the domain of Quantum Gravity, that is the conjunction of Quantum Field Theory and General Relativity. Quantum Gravity and String Theory are closely related to unsolved challenges of modern mathematics, in particular concerning algebraic topology and algebraic geometry. However, to the surprise of many, the emerging field of Quantum Information Theory [2] has shown that even in the "simple" non-relativistic Quantum Theory there exist still fundamental open problems. The characterization of entanglement, and more specifically, the characterization of separability and distillability of quantum states are among these. Again, they are directly linked to unsolved challenges of mathematics concerning linear algebra and geometry, functional analysis and, in particular, the theory of C -algebras [3] .
In this paper we present some of these new open problems and report on the recent progress concerning them. The paper does not intend to be a review article on the subject of quantum entanglement, but rather an introduction -a primer -on the subject 1 . It contains nevertheless some new results: we present here two novel separability checks, and some new results concerning distillability of density matrices that possess a non-positive partial transpose. The presentation of these new results and their proofs require the introduction of some technical formalism. Therefore, they have been included as Appendices.
The paper is organized as follows: First, in Section II we explain what the entanglement problem means. In Section III we treat the problem of separability, that is we discuss how to define and to discriminate those states that contain only classical correlations, and no quantum correlations. There we also report recent progress concerning this subject. In Section IV we focus on the problem of distillability: The possibility (using local operations and classical communication only) to "distill" from a given ensemble of copies of a given mixed state a maximally entangled pure state. In this section we also present the current state-of-the-art. Our summary remarks are contained in Section V.
II. THE ENTANGLEMENT PROBLEM
In order to explain what the entanglement problem means we first have to specify that in the following we will consider composite quantum systems [4] . Physical states of such systems are in general mixed and can be represented by density matrices, i.e. hermitian, positive definite linear operators of trace one, acting in the Hilbert space H = H A ⊗ H B ⊗ . . ., which is a tensor product of Hilbert spaces corresponding to subsystems A, B, . . . of the considered system. Given a quantum state ρ ∈ H, an apparently innocent question as does this state contain quantum correlations? will in general be very hard (if not impossible!) to answer. First of all, what does it mean that a quantum state does or does not contain quantum correlations? The answer seems to be straightforward: a system contains quantum correlations if the observables of the different subsystems are correlated, and their correlations cannot be reproduced by any means classically. That implies that some form of non-locality [4] is necessary in order to account for such correlations. For pure states -described by projections on a single vector acting on the Hilbert space H of the composite system -it is relatively easy to check if the correlations that they contain are classical, or not. For instance, it is enough to check if some kind of Bell inequality [5] is violated to assert that the state contains quantum correlations. In fact, there are many different "entanglement"-criteria and all of them reveal equivalent forms of the non-local character of the entangled pure states. For example, the demonstration that no local hidden variable (LHV) can account for the correlations between the observables in each subsystem is an equivalent definition of non-locality [6] .
We know nowadays that these equivalences may fade away when one deals with mixed states. Contrary to a pure state, a mixed state can be prepared in many different ways. The fact that we cannot trace back how it was prepared prevents us from extracting all the information contained in the state. As a consequence, we lack (nowadays) general "entanglement" criteria that allow us to check if the correlations present in the system are genuinely quantum, or not. Despite the fact that many entanglement measures have been introduced, we do not know a "canonical" way of quantifying the entanglement [7] . Furthermore, different manifestations of non-locality are known to be not equivalent. For instance, Werner [6] introduced a family of mixed states that do not violate Bell-type inequalities (they admit a local hidden variable model), but nevertheless are non-local. The question whether there exists a violation of Bell inequalities in the, so-called, strong sense (where the observables take "unphysical" values) for all PPT entangled states (which we define below) remains open [8] .
Therefore, the entanglement problem can be outlined as: What does it mean that a given (mixed) state ρ contains or does not contain quantum correlations?
III. THE SEPARABILITY PROBLEM
An essential step forward to understand what does entanglement mean is to discriminate first the states that contain classical correlations only (or no correlations at all). These states are termed separable states, and their mathematical characterization has been formulated by Werner [6] . We shall restrict ourselves here to the most simple composite systems: bipartite systems (with two subsystems traditionally denoted as Alice and Bob) of finite, but otherwise arbitrary dimensions. The states of bipartite systems are described by positive definite hermitian density matrices (with normalized trace) ρ, i.e. ρ ≥ 0, ρ = ρ † and Trρ = 1. The density matrices act on the Hilbert space of the composite system H = H A ⊗ H B . Without loosing generality we will assume that dim
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where i p i = 1, and p i ≥ 0. The above expression means that ρ can be written as a convex combination of product states. Equation (1) has a clear physical meaning. The state ρ can be prepared by Alice and Bob by means of local operations (unitary operations, measurements, etc.) and classical communication (LOCC). If ρ is separable the system does not contain quantum correlations. In spite of the definition, the characterization of such states is a rather arduous task. This is so among other facts because, in general, even for a given separable generic matrix we do not have an algorithm to decompose it according to Eq. (1). Thus, the separability problem, perhaps even more basic and fundamental than the entanglement problem can be formulated as: Given a composite quantum state described by ρ, is it separable or not?
Before proceeding further we introduce here the definitions that we shall use throughout the paper. Given a density matrix ρ, we denote by K(ρ), R(ρ), and r(ρ) the kernel, the range and the rank of the matrix ρ defined as:
Let us introduce also the operation of "partial transposition" that will be used throughout the paper and is defined as:
Def. 5 The partial transpose of ρ means the transpose only with respect to one of the subsystems. If we express ρ in Alice's and Bob's orthonormal product basis:
then the partial transposition with respect to Alice is expressed as:
Note that ρ TA is basis-dependent, but its spectrum is not. The partial transpose ρ TA may be ≥ 0, but does not have to be! As (ρ TA ) TB = ρ T , and as ρ T ≥ 0 always holds, positivity of ρ TA implies positivity of ρ TB and vice versa. A major step in the characterization of the separable states was done by Peres [9] and the Horodecki family [10] . Peres provided a "userfriendly" and very powerful necessary condition for separability. Later on, Horodecki's demonstrated that this condition is also sufficient for composite Hilbert spaces of dimension 2 × 2 and 2 × 3. Their results are enclosed in the following two theorems: Theorem 1. If ρ is separable then ρ TA ≥ 0. A matrix that verifies the above theorem is termed "PPT" for positive partial transpose. Notice that being a PPT state is a necessary condition for separability. Theorem 2. If ρ TA ≥ 0 in spaces of dimensions 2 × 2 or 2 × 3 then ρ is separable.
In general, there exist PPT states ρ (i.e. states with
. The PPT entangled states have been termed "bound entangled states" to distinguish them from the "free entangled states". This latter names are associated with the distillability property, which we will discuss in the later sections of this paper. "Bound entangled states" are entangled, however, no matter how many copies of them we have, these states cannot be "distilled" via local operations and classical communication to the form of a pure entangled state [12] . We encounter thus new problems such as: How can one distinguish a separable state ρ from a PPT state ρ? Are non-PPT states (NPPT states) "free entangled" i.e. distillable? But before trying to answer these questions (that will bring us directly to the problem of distillability), we will first present a physical explanation of what separability means, and discuss shortly the recent progress concerning the quest for separability criteria.
A. Physical interpretation of separability
Let us now interpret the condition of positive partial transposition from a physical point of view. We start by considering symmetry transformations in the Hilbert space of each subsystem. Wigner's theorem [13] tells us that every symmetry transformation is necessarily implemented by a unitary (U ) or anti-unitary (A) matrix. The tensor product of a unitary and an anti-unitary trans-
results in a transformation which is neither unitary, nor anti-unitary in H = H A ⊗ H B , and whose action on a general ket of the composite system | ψ ∈ H, furthermore, cannot be properly defined. However, its action on a product ket | e, f ≡ | e ⊗ | f , (where | e ∈ H A and | f ∈ H B ) is, apart from a phase ambiguity, well defined. Thus, the action of a combined transformation of the type U A ⊗ A B on projectors corresponding to pure product states is well defined without any ambiguity. As a separable state ρ s can always be rewritten as a statistical mixture of product vectors (see Def. 1) it is clear that under the com-
where
Therefore, ρ s describes also a physical state so that ρ s is a positive definite hermitian matrix (with normalized trace). This is what characterizes separable states: that any local symmetry transformation, which obviously transforms local (in this context local refers to each of the subsystems) physical states into local physical states, also transforms the composite global state into another physical state. There exists only one independent anti-unitary symmetry [13] , and its physical meaning is well known: time reversal. Any other anti-unitary transformation can be expressed in terms of time reversal (as the product of a unitary matrix times time reversal). Thus separability of composite systems implies the lack of correlation between the time arrows of their subsystem. In other words: given a separable composite state, reversing time in one of its subsystems leads again to a physical state.
B. Quest for separability criteria and checks
In the recent years there has been a growing effort in searching for necessary and sufficient separability criteria and checks. Several necessary conditions for separability are known: Werner has derived a condition based on the analysis of local hidden variables (LHV) models and the mean value of the, so-called, flipping operator [6] , the Horodecki's have proposed a necessary criterion based on the so-called α-entropy inequalities [14] , etc... Quite recently, a general and sufficient condition for separability was discovered by the Horodecki family in terms of positive maps. A map is defined positive if it maps positive operators into positive operators. The condition found by the Horodecki's, states that ρ is separable iff the tensor product of any positive map acting on one subsystem A and the identity acting on other subsystem B maps ρ into a non-negative operator. This definition, howerver, involves the characterization of the set of all positive maps which is per se a major task.
Later on the reduction criterion of separability was introduced [15, 16] : if ρ is separable then the map (Γ A ⊗1l) : ρ → (1l A ⊗ Tr A ρ) − ρ must be positive. Violation of this criterion is sufficient for entanglement to be free. Following the reduction criterion, a simple and still quite powerful sufficient condition for distillability was provided in Ref. [17] , where P. Horodecki et al. showed that if the rank of at least one of the reduced density matrices ρ A = Tr B ρ and ρ B = Tr A ρ exceeds the rank of ρ, then ρ is distillable, ergo is non-separable and NPPT. In particular, it was concluded in Ref. [17] that there is no bound entanglement of rank 2.
Sufficient conditions for separability are also known. In Ref. [18] it was proven that any state close enough to the completely random state π = I/N M is separable. In [18] there were also given the first quantitative bounds for the radius of the ball surrounding π that does not contain any entangled state. Much better bounds were found in the following works [19] , where it was proven that a full rank mixed state is separable provided that its smallest eigenvalue is greater or equal to (2 + M N ) −1 . In Ref. [11] , in which the first explicit examples of entangled states with PPT property were provided, another necessary criterion of separability was formulated. According to this criterion: Criterion If the state ρ acting on a finite dimensional Hilbert space is separable then there must exist a set of product vectors {|e i , f i } that spans the range R(ρ) such that the set of partially complex conjugated product states {|e * i , f i } spans the range of ρ TA . The analysis of the range of the density matrices, initiated by P. Horodecki, turned out to be very fruitful, leading, in particular, to the algorithm of optimal decomposition of mixed states into the separable and inseparable part [20, 21] , and to systematic methods of constructing examples of PPT entangled states with no product vectors in their range, using either so-called unextendible product bases (UPB's) [22, 23] , or the method described in [24] .
In the Appendices A and B we present two novel separability criteria and checks. One provides a necessary condition for separability, or rather a sufficient condition for entanglement. It detects the non-separability of the UPB states. The other criterion, or rather separability check, detects all separable states that are the convex combinations of two product states.
C. Recent progress in the separability problem
Despite many efforts and seminal results obtained in the recent years, the problem of separability remains essentially open. Recently, a considerable progress of in the study of PPT entangled states has been made [25, 26] . The results obtained allow us to hope to develop a systematic way of constructing optimal criteria for separability in arbitrary Hilbert spaces [27] .
Our method employs the idea of "subtracting projectors on product vectors" [20, 21] : if there exists a product vector |e, f ∈ R(ρ) such that |e * , f ∈ R(ρ TA ), the projector onto this vector (multiplied by some λ > 0) can be subtracted from ρ, such that the remainder is positive definite and PPT. Our results can be divided into three groups.
First, we have studied and found separability criteria for density matrices of sufficiently low dimensional rank. Also constructive algorithms to decompose optimally (with the smallest possible number of terms) the separable matrix according to Eq. (1) -i.e. in product states -have been provided for low rank matrices. For the general case of composite systems with the Hilbert space H M ⊗ H N (M ≤ N ) our findings are essentially contained in the following two theorems: Theorem 3 If ρ is PPT such that r(ρ) = k ≤ N and ρ cannot be embedded in a 2 × (k − 1) dimensional space then ρ is separable.
In particular when ρ has rank N there exist typically exactly N product vectors |e i , f i in the range of ρ such that |e * i , f i ∈ R(ρ TA ); ρ is then a convex combination of projections onto these vectors.
. These product vectors are the only possible candidates to appear in the decomposition of Eq. (1). Finding them requires solving a system of polynomial equations. After these equations are solved, one can check whether ρ has the decomposition (1). The problem is infinitely easier than the original one since we know now all possible projectors that can be used, and we know that their number is finite. In fact, checking in such a situation whether
it is possible to find separability criteria. But, perhaps the most important is the fact that, given a density matrix ρ, one can always decompose it as :
where ρ sep = i Λ i P i is a separable state, P i are projectors onto product states and Λ is maximal. All the information concerning entanglement is then contained in the remainder δρ (δρ TA ) which has low rank and can be termed as a "pure" PPT entangled state, or "edge" PPT entangled state. This state has a property that no projection onto the product state can be subtracted from it, keeping the rest positive definite and PPT. Formally, there exist no product vectors |e, f ∈ R(ρ) such that |e * , f ∈ R(ρ TA ). The "edge" states violate in the extremal sense the Criterion of Ref. [11] . The problem of the separability reduces now to the problem of separability of the "edge" states, and to the question whether a given mixture of an "edge" and a separable state is separable or not.
In other words, any matrix ρ can be decomposed in a separable part (that contains product vectors in the range) and a remainder, which is the "edge" state. δρ and δρ TA are low rank matrices that contain all the information related to entanglement. Obviously, knowing the structure of those matrices is therefore of capital importance.
Finally, let us mention a different approach to the entanglement problem, that is based on the so-called entanglement witnesses. An entanglement witness is an observable E that reveals the entanglement of an entangled density matrix ρ. B. Terhal [8, 23] introduced entanglement witnesses through the following theorem: Theorem 5 If ρ is entangled then there exists an entanglement witness E such that
for all separable matrices ρ sep . Entanglement witnesses represent -in some sense -a kind of Bell inequality which is violated by the entangled state ρ. Each entanglement witness E on an M × N space defines a positive map E that transforms positive operators on an M or N -dimensional Hilbert space into positive operators on an M or N -dimensional space [29] . The maps corresponding to entanglement witnesses are positive, but not completely positive, and in particular their extension to M × N spaces allows to "detect" the entanglement of ρ. The maps corresponding to entanglement witnesses for PPT states are, moreover, non decomposable: they cannot be represented as a combination of completely positive maps and partial transposition.
For every "edge" state it is possible to construct an entanglement witness [27] as:
are projections onto the kernel of ρ and the kernel of ρ TA , and 0 < = min e, f |P K(ρ) + (P
) TA |e, f , where the minimum is taken over all possible product vectors. We have not only been able to find entanglement witnesses, and the corresponding non-decomposable positive maps for arbitrary "pure" or "edge" PPT states, but also to optimize them in a certain sense [27] . Optimized entanglement witnesses detect significantly more entangled PPT states than the non-optimized ones.
We hope very much that these studies will allow us to characterize extremal points in the convex set of PPT entangled matrices, and then to characterize the extremal points in the convex set of positive maps [28] . If this program is realized, the separability problem will be solved. So far, however, only the first steps have been done and the problem remains open and challenging.
IV. THE DISTILLABILITY PROBLEM
On having said that, we shall attack now the related problem of the distillability of mixed quantum states. For many applications in quantum information processing [30] and communication one needs a maximally entangled state, that is, a state which in M ×N dimensional space can be brought by a local change of basis to the form
which is shared between two parties. Although in principle one can create pure and maximally entangled states, in realistic situations any pure state will evolve to a mixed state due to its interaction with the environment. A standard example concerns a situation when two entangled particles (photons, atoms,...) representing the two subsystems are sent from the source to the two involved parties, Alice and Bob, through noisy channels. In order to overcome the noise created during the transmission, the idea of distillation and purification, i.e. enhancement of the given nonmaximal mixed entanglement by local operations and classical communication (LOCC) was proposed by Bennett et al. [31] , Deutsch el al [32] and Gisin [33] . Again, for Hilbert spaces of composite systems of dimension lower or equal to 6, any mixed entangled state can always be distilled to its pure form. Since for such systems entanglement is equivalent to the NPPT property, we conclude that for 2×2, and for 2×3 systems, all NPPT states are distillable [34] . However, it was shown by Horodecki family [12] that in higher dimensions there exist states (namely PPT entangled states), termed as bound entangled states, which cannot be distilled, in contraposition to free entangled states [35] . The distillability problem can be formulated as: Given a density matrix ρ, is it or is it not distillable?
Let us now define the distillability property, first on an intuitive, and then on a more formal basis. Def. 6. ρ is distillabe if by performing LOCC on some number K of copies ρ, Alice and Bob can distill a state arbitrary close to | Ψ max , i.e.
The above definition is not very precise -it requires to specify what the LOCC can do with K copies of ρ, and does not give any practical advice about how to answer the question of distillability. Fortunately we can use the theorem of Ref. [12] , which states that instead of studying the whole set of possible LOCC, in order to determine the distillability of a given density matrix it is sufficient to study projections on a 2 × 2 dimensional subspace of the Hilbert space in which ρ acts. The theorem is very useful since it reduces the problem of distillability to a very precisely stated mathematical question; in fact from now on we will use it as a definition of distillability. Theorem 6. ρ is distillable iff there exists a number of copies K, and a projector P 2×2 onto a 2 × 2-dimensional space spanned by:
such that the projection
is NPPT (i.e. is distillable). An alternative way of formulating the above theorem is the following: ρ is distillable iff there exists a state | ψ from a 2 × 2-dimensional subspace,
such that ψ |(ρ TA ) ⊗K | ψ < 0 for some K. The idea of the proof of the above theorem is the following: if ρ is distillable it means that one can produce a maximally entangled state, and it is then easy to project (using local projections) that state onto a pure state in a 2 × 2-dimensional subspace. On the other hand, if there is a | ψ as in equation (15), such that ψ |ρ TA | ψ < 0, then one can first project onto the 2 × 2 subspace to which | ψ belongs. This is a 2 × 2 subspace in which the projected matrix is NPPT, ergo it is distillable. We can then distill several maximally entangled state in this subspace, rotate them unitarily and locally, and combine to a maximally entangled state in the whole space.
Let us now ask what does the criterion of partial transposition,-which plays an important role in the separability problem as we have seen before-, tell us about the distillability problem? Theorem 7. If ρ TA ≥ 0 (ρ is PPT) then ρ is not distillable [12] . Theorem 8. If ρ TA ≥ 0 (ρ is NPPT) in dimensions 2×2, 2 × 3 then ρ is distillable [34] . The later holds also for 2 × N systems, see [36] .
A. Recent progress in the distillability problem
At the end of the last section we have seen that every density matrix with a positive partial transpose cannot be distilled, and that for low dimensions the converse is true. In this section we want to discuss the conjecture that in higher dimensions there are states with a non-positive partial transpose, which are however nondistillable [36, 37] . In other words, non-positivity of the partial transpose seems to be a necessary, but not a sufficient condition for distillability.
The states which are believed to be non-distillable [36] , belong to a one-parameter family, which lives in dimension N × N :
where P S and P A denote projectors onto the symmetric and antisymmetric subspace, respectively, and m is some normalization. This family is generic in the sense that every density matrix in N × N can be depolarised locally to a state from our family. In this sense these states are nothing more but Werner states [6] defined for N × N systems. The partial transpose of ρ(α) is given by
where n(β) is the normalization, P is the projector onto a maximally entangled state
√ N , and the relation between α and β is:
Note that for β ≤ 1 the matrix ρ TA is positive definite , i.e. ρ is PPT and thus is not distillable. For β > 1 one (18) .
(ii) if there exists β ≤ N , such that ρ is NPTT and is not distillable, then not all ρ with NPPT are distillable. In other words there exist undistillable ρ's with NPPT. Both alternatives (if proven) would be an extremely important result. At the moment it seems that the second alternative is true [36, 37] , but strictly speaking the problem is open. We shall see below that ρ is distillable for β > 3/2, so that in fact interesting region of the parameter β lies between 1 and 3/2.
Before presenting some partial results on the way to the complete proof, which is yet unknown, let us introduce the concept of K-distillability, by which we define distillability with respect to K copies. Definition 7. ρ is K-distillable iff there ∃| ψ as given in Eq. (15) such that
The basic theorem that we have proven so far determined the region of the parameter β for which the matrix ρ of Eq. (18) is not K-distillable. Our results hold for arbitary N × N systems, but here we specify them to case of two qutrit systems (3 × 3).
• ρ is K-undistillable for 1 ≤ β ≤ β K , where the best bound for β K obtained so far is:
As we see, for every K there exist a region of β (see Fig.1 ) in which ρ is not distillable. Unfortunately, this region shrinks, however to a point, as K goes to infinity. If we have an arbitrary number of copies of ρ we cannot say whether we will be able or not to distill it. The proof of the above theorem is technical, but essentially simple. Below we sketch the proof concerning 1-and 2-distillability
B. 1-Distillability
Let Q = 1 − P be the projector complementary to P . For one copy of the matrix ρ we have for any | ψ given in Eq. (15)
The last inequality follows from the fact that the projection | ψ|Ψ max | 2 of an arbitrary vector living in a 2 × 2 subspace onto a maximally entangled vector in 3 × 3 space must not be greater than 2/3. The above considerations imply also that for β > 3/2 the matrix is 1-distillable, because there exists a vector in a 2 × 2 subspace for which | ψ|Ψ max | 2 = 2/3. This proves that ρ is distillable for β > 3/2.
C. 2-Distillability
To show that 2 copies of ρ cannot be distilled for some interval of β, we first observe that Q is separable, i.e.
Denoting by Tr i the trace over the i-th copy, and by Q i -the projector Q for the i-th copy we get
where | ψ i = ψ| e i , f i is a vector in the second copy space with 2 Schmidt coefficients, i.e. of the form (15) . Similar result holds for the second copy. Then, using the results for 1-distillability we obtain
Now, by adding the above results and dividing by two we obtain
so that we see that ρ is not 2-distillable for β ≤ 5/4.
D. Distillability in general
In the Ref. [36] we have performed extensive numerical studies and looked for the minimum of ψ |(ρ TA (β)) ⊗K | ψ over all possible | ψ of the form (15) . The numerical results indicate clearly that:
It is a challenging and open problem to understand these results. So far we have only achieved some progress in the problem of 2-distillability. We have proven that the states | ψ for which ψ |(ρ TA (β)) ⊗K | ψ = 0, and which (as we know) provide the global minimum of ψ |(ρ TA (β)) ⊗K | ψ for β ≤ 5/4, provide also a local minimum of ψ |(ρ TA (β)) ⊗K | ψ equal to zero for 3/2 ≥ β > 5/4. The proof of this fact is presented in the appendix C. There exists a well-based suspicion that ρ is not distillable in the entire region of 1 ≤ β ≤ 3/2.
V. CONCLUSIONS
There is only one conclusion of this paper: Quantum Theory is an open and challenging area of physics. It offers still fundamental and fascinating problems that can be formulated at elementary level, and yet they are related to challenges of the modern mathematics. Particular examples of those are separability and distillability of composite quantum systems.
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APPENDIX A: SUFFICIENT CRITERION FOR INSEPARABILITY
Our sufficient criterion of inseparability (i.e. a necessary criterion for separability) is based on the following Lemma. Let us assume the product vectors |e, f to be normalized.
Let us prove that this statement is true in the case where {Tr(ρ 2 ) = max{Tr(ρ 2 ), Tr((ρ TB ) 2 ), Tr(ρρ TB )}. All the other cases can be proved in the same way which implies that we can take the maximum of those three values. Proof: We define r = max |e,f e, f |ρ|e, f and the witness, X = 1− 1 r ρ. Assuming that Tr(ρ) = 1 we have that Tr(Xρ) < 0. It remains to prove that Tr(Xρ) > 0 for all ρ separable. We writeρ = i λ i |e i , f i e i , f i |, and observe that:
Unfortunately this criterion does not work for the Horodecki PPT states in 2 × 4 space [11] . It does, however, detect the entanglement of the PPT states constucted from UPB's [22] . In such case ρ = P/K, where P is a projector onto a space that does not contain any product vectors, K = r(P ), and P = P TB . Our criterion gives Tr(ρ 2 ) = Tr((ρ TB ) 2 ) = Tr(ρρ TB ) = 1/K, while e, f |ρ|e, f = e, f |P |e, f /K < 1/K.
APPENDIX B: SEPARABILITY CHECK FOR BINARY MIXTURES OF PRODUCT STATES
If a separable matrix is a mixture of two product states (here we call such matrix a binary mixture), then it is relatively easy to check separability. Assume ρ of the following form:
where all p i > 0, and i p i = 1. Let µ and ν be density matrices acting in Alice and Bob's space respectively. Let us define the matrix function
Interestingly, M can be calculated without the explicite use of the representation (B1), The proof follows directly from Eq. (B3). ρ can be written as
with some 0 ≤ p ≤ 1. We immediately see that ρ is separable if there exists p ∈ [0, 1] such that ρ B −(1−p)ν ≥ 0 and ρ A − pµ ≥ 0. This implies that the ranges R(µ) and R(ν) must be included in the ranges of ρ A , and ρ B , respectively; at the same time p must fulfill the conditions
where ||.|| denotes the operator norm (for details see [25] ).
Checking if the equation M (µ, ν) = 0 has solutions is very easy. We can use a product basis {O The above formulated separability check can be easily generalized to systems of R parties and separable mixtures of R product states for R > 2.
APPENDIX C: FINDING THE LOCAL MINIMUM FOR PROJECTING ONTO THE 2-DIMENSIONAL SUBSPACE
In this appendix we will find the states that lead to a local minimum for projection onto a two-dimensional subspace as in equation (19) in the case of 2 copies (in dimension 3 × 3), for the critical value of the parameter β = 3/2.
We will proceed as follows: our problem will be formulated in terms of a function f (λ, ψ) that has to be minimized with respect to ψ. We will find a family of states ψ for which f is shown to reach a local minimum, for a range of parameters λ.
We introduce a parameter λ and will study the following function:
where the last line defines ρ 2 (λ), and P is the projector onto a maximally entangled state. Here λ is a given fixed parameter with 0 < λ < 1. The case λ = 1 2 corresponds to ρ 2 being the partial transpose of two copies of 1l − 3P/2. In the notation of Section IV this corresponds to the value of β = 3/2. We are looking for the minimum of f with respect to | ψ . This state lives in the twodimensional subspace and can be written in the Schmidt decomposition (cf. [4] ) 
This notation fixes the basis in which we will also write | ψ . Indices i, j are used for the first pair and r, s for the second pair. The minimum of f (λ = 0, ψ) is found by requiring the two conditions a) ψ |P ⊗ P | ψ = 0, b) ψ |P ⊗ 1l| ψ maximal .
According to equations (C3) we reach a) only if the entries of either the first or the second pair are orthogonal to each other. We can reach b) if the entries in the first bits of Alice and Bob are identical in both terms of the Schmidt decomposition of | ψ , and if their second bits are in a product state. The coefficient in equation (C2) is easily found to be | α | = 1/ √ 2 for maximisation of b). We can fulfill both conditions a) and b) with the family of states that minimizes f for λ = 0, denoted by | ψ :
with i |j = 0 = r |s . Therefore for λ = 0 we have found the global minimum of f to be min ψ f (λ = 0) = 0 .
Using the explicit structure of the states | ψ we find that ψ |1l ⊗ 1l| ψ = 1 ,
